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Abstract 

Motivated by its relation to the Pohlmeyer reduction of AdS$ x S 5 superstring theory we continue 
the investigation of the generalized sine-Gordon model defined by SO(N + l)/SO(N) gauged 
WZW theory with an integrable potential. Extending our previous work (arXiv:0912.2958) 
we compute the one-loop two-particle S-matrix for the elementary massive excitations. In the 
N = 2 case corresponding to the complex sine-Gordon theory it agrees with the charge-one 
sector of the quantum soliton S-matrix proposed in hep-th/9410140 In the case of N > 2 when 
the gauge group SO(N) is non-abelian we find a curious anomaly in the Yang-Baxter equation 
which we interpret as a gauge artifact related to the fact that the scattered particles are not 
singlets under the residual global subgroup of the gauge group. 
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1 Introduction 



In this paper we continue the investigation pQ of the perturbative S-matrix of generalised sine- 
Gordon models. Various examples of such models (called also "symmetric space sine-Gordon mod- 
els") based on a G/H gauged WZW model with an integrable potential term were considered in, 

e.g., [21 El HOE]. 

The action for these G/H models is given by the (asymmetrically) gauged WZW action with a 
potential term, 



i J d 2 x g^d+g g- l d-g -1 J d 3 x e mnl g- l d m g g- l d n g g~ l d ig 



+ J d 2 x (A + d„gg- 1 -A_g- 1 d + g-g- 1 A + gA- + T(A + )A„) (1.1) 

+ m 2 J d 2 x {g~ X TgT - T 2 ) . 

Here g £ G, A± G t)=a\g(H), k is a level and m is a parameter defining the mass of elementary 
excitations near g = 10 The standard symmetric gauging corresponds to r = 1 (t is an automor- 
phism of f)); for an abelian gauge group H there is an option of axial gauging corresponding to 
r(h) = —h. The constant matrix T defining the potential is chosen to commute with H (see, e.g., 
(HE] for details). 

Recent interest in such models is due to their relation, via the Pohlmeyer reduction, to classical 
string theory on symmetric spaces [21 |9l [TUl EU 121 [13] . In the case of the AdS$ x S 5 superstring 
theory the classical Pohlmeyer reduction leads to a special integrable massive 2d theory defined by 
the G/H = [£0(1, 4) x SO (5)} /[SO (4) x 50(4)] gauged WZW model with an integrable potential 
and coupled to a particular set of 2d fermions [3 [2]. The corresponding quantum theory has certain 
unique features (it is UV finite [15] and is closely related to the original AdS$ x S 5 superstring at 
the one-loop level [HHEI)- This suggests [7] that it may, in fact, be quantum-equivalent to the 
AdS$ x 5 5 superstring. If that were indeed the case, this theory could be used as a starting point 
for a 2-d Lorentz covariant "first-principles" solution of the AdS§ x S 5 superstring based on finding 
an exact soliton S-matrix, just as in the case of standard 2d sigma models [18] or for some similar 
massive theories [HI [13] (see also [20J ) . 

An important check of a proposal for an exact quantum soliton S-matrix of an integrable theory 
would be to demonstrate its consistency with the perturbative S-matrix computed from the path 
integral defined by the classical action. 

This motivates the study of perturbative S-matrices of such generalized sine-Gordon models with 
a non-abelian gauge symmetry H. In pQ we computed the tree-level two-particle S-matrix for the 
bosonic SO(N + 1) / SO(N) theory and then for the full reduced theory associated to the AdS§ x S 5 
superstring. The resulting S-matrix exhibited some remarkable features, in particular, it group- 
factorised in the same way as the non Lorentz invariant tree-level psu(2|2) © psu(2|2) invariant 
light-cone gauge S-matrix [21] of the AdS§ x S 5 superstring. It also had an intriguing similarity 
with the classical psu(2|2) trigonometric r- matrix of [22, 23jo 

The next important step towards unravelling the full structure of the S-matrix of the reduced 
theory is to extend the tree-level computation of [1J to the one-loop level. In this paper we address 



1 We use the following notation. We choose Minkowski signature in 2 dimensions, with d 2 x = dxodxi, d± = 9o±9i- 
v is the index of the representation of G in which g is taken as a matrix. For G = SU(N), v = \ for the fundamental 
representation and v — c G = N for the adjoint representation, where c G is the dual Coxeter number. For G = SO(N) 
the values are v = 1 and v = c G = N — 2 respectively. 

2 As discussed in |23| . in a certain limit the coefficients of this r-matrix match those of the perturbative S-matrix 
of [T], up to some constant matrix which breaks the explicit [SU(2)] 2 structure to its Cartan subgroup. 
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this problem for the bosonic SO(N+l) /SO(N) theory, hoping to return to the complete [50(1, 4) x 
50(5)]/[50(4) x 50(4)] theory with fermions in the future. 

There are technical issues involved in computing the perturbative S-matrix for the generalised 
sine-Gordon theories defined by (jl.ip . Such models were mostly studied for abelian gauge groups 
H [6], l24l,l2"5l l26 j l27|. of which the complex sine-Gordon model is a prime example. In this case there 
is an option of axial gauging, in which case the vacuum is unique up to gauge transformations. 
In the case of a non-abelian H there is a non-trivial vacuum moduli space, no global symmetry 
and on integrating out the gauge fields A± one is left with a Lagrangian that has no perturbative 
expansion about the trivial vacuum. As was argued in [I], the problem with expansion is an artifact 
of the gauge fixing procedure on g. If instead one chooses the "light-cone" gauge A + = pQ one is 
able to construct a perturbative Lagrangian for the asymptotic excitations and thus compute the 
tree-level S-matrix. Going beyond tree level requires, however, taking into account the non-trivial 
contribution of the delta-function constraint resulting from integrating over A_ in the path integral 
for the action (jl.ip . 

Below we will start with the case of the SU(2)/U(1) axially gauged theory corresponding to 
the complex sine-Gordon (CsG) model. The tree-level S-matrix of this theory [28J satisfies the 
Yang-Baxter equation. The Yang-Baxter equation, however, is violated at the one-loop level for 
the "naive" S-matrix obtained directly from the standard CsG action, following from (jl.ip upon 
solving for A± . The quantum theory based on this CsG action was studied in [281 [2JJJ ED] where 
it was suggested to add a quantum counterterm to restore factorised scattering. In reference [19] 
the exact quantum soliton S-matrix satisfying the Yang-Baxter equation was proposed. It was 
conjectured that if the quantum CsG model is defined in terms of the SU(2)/U(1) gauged WZW 
theory (jl.ip then the necessary quantum counterterms required to obtain a factorizable perturbative 
S-matrix consistent with the exact S-matrix should appear automatically. 

We will demonstrate that this is indeed the case at the one-loop level. We will show that 
equivalent "counterterms" (leading to the same S-matrix) can be obtained (i) from the quantum 
effective action of the gauged WZW model [31] , or (ii) directly from the determinant resulting from 
integrating out the non-dynamical fields (^4+ , A- ) , or (iii) from the delta- function constraint in the 
A + = gauge. 

We will then extend the A + = gauge approach to the general SO(N + 1)/S0(N) theory. In 
the case of the non-abelian gauge group H = SO(N) the resulting S-matrix will be found to violate 
the standard Yang-Baxter equation already at the tree level, but we will suggest that this should 
not contradict the quantum integrability of the theory being a gauge artifact (the excitations we 
scatter transform non-trivially under unbroken global part of the gauge group). 

Further clarification of this issue and the extension to the full reduced theory for the AdS§ x 5 5 
superstring are among the important problems for the future. 

The structure of the rest of this paper is as follows. In section 2 we review the A + = gauge 
approach used to compute the tree-level S-matrix in We show that fixing this gauge and 
integrating out the unphysical degrees of freedom gives rise to a functional determinant in the path 
integral, which leads to a non-trivial contribution to the one-loop S-matrix. 

In section 3 we discuss the case of the SU(2)/U(1) theory related to the complex sine-Gordon 
model. We compute the corresponding one-loop S-matrix using three different methods, one of 
which uses the A + = gauge. They all give the same result, equal to the sum of the "naive" 
one-loop S-matrix of |28] with a non-trivial correction. The total one-loop S-matrix matches the 
expansion of the (charge-one sector of) the quantum soliton S-matrix of [19J. 
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In section 4 we generalise the computation of the one-loop S-matrix in the A + = gauge to 
the non-abelian G/H = SO(N + l)/SO(N) theory. The resulting S-matrix turns out to violate 
the standard Yang-Baxter equation in the case of non-abelian gauge symmetry. We discuss the 
remarkably simple structure of this violation at the tree level and possible ways to resolve an 
apparent contradiction with the expected quantum integrability of the underlying theory. 

The appendix contains a demonstration of a relation between two effective Lagrangians used to 
compute the one-loop complex sine-Gordon S-matrix in section 3. 



2 Gauged WZW theory with an integrable potential 
in the gauge A + = 

In this section we shall start by reviewing the result of [1] for the tree-level S-matrix of the massive 
excitations of the gauged WZW action with an integrable potential, (jl.ip . We will then generalise 
the computation of the S-matrix to the one-loop order. 

As in [1] we assume that G is a compact group and that the corresponding algebra g admits an 
orthogonal decomposition 

= f)9m, (2.1) 

where f) is the algebra corresponding to the gauge group H, and m is the orthogonal complement 
of f) in g. We also assume that G/H is a symmetric coset space, i.e. 

[fj, f)]cfj, [|,1]C1, [m, m]cfj, ( s 

Tr(mf)) = 0, {Z - Z) 

and that we have an orthogonal basis of a matrix representation of g, the elements of which we 
denote as follows 

• Tj, where i = dimm + 1, . . . , dimg is a basis for f); 

• T a , where a = 1, . . . , dimm is a basis for m; 

• Ta = {T a , Tj}, where A = 1, . . . , dimg is an orthogonal basis for g, that is 

Tx(T A T B ) = -K 2 5 AB . (2.3) 

if is a constant that will be fixed so that the quadratic kinetic terms in the action have canonical 
form. K will depend on the coupling k, in particular, K ~ fc~2. 

The structure constants of the algebra g are defined bjH 

[T A ,T B } = f ABC T c , (2.4) 



with Jabc being completely antisymmetric. From the commutation relations (|2.2p we have f a ij = 
fabc = 0. Due to the normalization of the generators in (|2.3|) the structure constants will also have 
the coupling dependence, /abc ~ k~2. 

As in PP, we shall fix the gauge A + = in the path integral defined by the action S[g, A+, AJ\ 
in (jl.ip and integrate out A_ , getting 

[dg] SOg^d+g)^] e iS ^ . (2.5) 

The gauge A + = preserves the Lorentz invariance in 2 dimensions but like the analogous light-cone 
gauge in Yang-Mills theory it does not fix the global part of the gauge group H. 



3 G is compact, so we will not distinguish between raised and lowered indices. 
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2.1 Expansion of the gauge-fixed action 



To compute the S-matrix we will need to expand the action, ([Lip , near a trivial vacuum g = 1 and 
solve the delta-function constraint in (|2.5p . Following [TJ, we parametrise g as follows 

g = e\ rje&, (2.6) 

and expand in r], 

1 f oo , 

sfofoUo] = -— yd 2 x ^(^^^[^^(MJ-^^rjii^cr)]). (2.7) 

Using the orthogonal decomposition of g, (|2.1|) . we split 77 as 

r/ = X + £, Xem, f€f>. (2-8) 

The coset component X represents dim m massive asymptotic excitations (as seen by solving the 
gauge- fixed linearised equations of motion) , for which the tree- level two-particle S-matrix was found 
in pQ. Here we will compute the one-loop correction to their perturbative S-matrix. 

At the classical level we can use the <5-function constraint in (|2.5|) to solve for the "gauge com- 
ponent" £ in terms of X. Expanding (g~ l d+g^j L = to cubic order in fields we get 



(2.9) 



d + £-±[x,d + x]-±[s,d + z] 

+ ±[x, [x, d+c}} + \[x, [£, d + x]) + ifc, [x, d+x]) + ifc, [£, d+t]) + . . . = . 

Solving perturbatively for £ gives 

5o[i] = ~[i,a + i] + o(i 4 ). (2.10) 

As £o[-^1 ~ when £ = £op£] is substituted into the action there will be no cubic terms in X. 
Thus, to compute the one-loop S-matrix, we only need the part of the action which is of quartic 
order in X. Substituting (|2.8p and (|2,10p into (|2.7p . using integration by parts and the Jacobi 
identity, we end up with the following remarkably simple local action p], 

S[g(r,(X,^[X})),0,0] = J d 2 x Tr[±d+Xd-X - ^-[X, T][X, T] (2.11) 

+ 1[X, d+X][X, d-X] + ^[X, [X, T]][X, [X, T\] + 0(X e 

This action can be used to compute the tree-level two-particle S-matrix [I], as well as the part of the 
one-loop two-particle S-matrix given by bubble diagrams. The only additional piece of information 
one needs to know is the commutation relations with the matrix T in the potential, which depend 
on the particular choice of the groups G and H. The calculations then reduce to standard Feynman 
integrals. 

Let us note that the renormalization of the general theory (jl.ip was discussed in [15] . The WZ W 
coupling k is not, of course, renormalized but there is a logarithmic UV renormalization of the mass 



4 £, v is the usual Lie derivative defined as 2, v (C) = [»?, C] ■ 

5 We should also note that the potential terms in (12. 7[) containing an odd number of rj fields vanish due to the 
relation, Tr(£ v (A) B) = -Tr(A Q V (B)). 
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parameter m 2 (as well as a field renormalization) . One may choose a scheme (MS scheme) in which 
there is no finite renormalization of m 2 at the one-loop order. This will be assumed below. 

The aim of the rest of this section will be to discuss the non-trivial contribution of the path 
integral constraint in (|2.5|) to the one-loop S-matrix. Thus we will not present the detailed expres- 
sions for the S-matrix terms arising from the Lagrangian. The explicit results will be given for the 
particular cases of G/H = SU{2)/U{1) and G/H = SO(N + l)/SO{N) in later sections. 

2.2 Functional determinant contribution 

At the quantum level, solving the delta-function constraint (|2,9p to eliminate £ from the path 
integral (j2.5|) will give rise to a field-dependent functional determinant. To find it we functionally 
differentiate the constraint equation (|2.9|) and evalute the resulting operator on £ = £o[X] i n (12.1Up . 
The resulting contribution to the path integral is then given by 

(detQ)" 1 , (2.12) 

QC = d+C - d+X], d + (] + l[[X, d+X\, C] 

+ ±[X, [X, d+C)} - \[X, [d+X, C]] - \[[X, d+X], C] + 0(X 4 ) , (2.13) 

where the operator Q acts on a function £ taking values in f). 
Let us rewrite the operator Q in the following form 

Q = d+(l + a[X]) + p[X], (2.14) 

where the " symbol denotes the operator acting all the way to the right, a and j3 are functions of 
X and dX that are both C(X 2 )§ 

The prescription we shall use is to expand the determinant of Q (|2.14p in the usual perturbative 
way, treating d+ as the free part. We shall ignore all quadratic divergences and tadpole contribu- 
tions. Then to evaluate the contribution of the determinant to the two-particle one-loop S-matrix 
we may ignore a[X] and for n > 4. Factorising out the free part of the operator, we have 

ln(det[0+ 1 Q])- 1 = -trln[a+ x Q] . (2.15) 

One may then extract the 0(X 4 ) part, 

- tv(a4X] + 5+ 1 /3 4 [X]) - ~tr(a 2 pT] + d+ 1 p 2 [X}) 2 . (2.16) 

The traces of 04 [X] in the first term and of 0:2 2 in the second term both give quadratic diver- 
gences, which we ignore. The trace of c^/^LY] in the first term and the cross-terms in the second 
term both give tadpole integrals which we also set to zero. We are then left with 

-ti{d^p 2 [X}) 2 (2.17) 

from the second term in (|2,16D , 

6 For notational ease we have suppressed a Lorentz + index on j3. We will denote the 0(X n ) part of a and /3 as 
a„ and fi n respectively. Note that due to the group structure n takes only even values. 
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Let us note that moving the free operator <9 + all the way to the left and setting tadpoles to 
vanish can be reinterpreted as choosing a different parametrisation of g. For example, we may 
choose instead of ()2.6j) . (|2.8|) the following parametrisatiorjll 

g = e\ r ) = X + Z-a 2 [X]Z. (2.18) 

The operator (|2.14|) would be corrected to 0(X 2 ) as follows 

Q = d+(l + a[X\) + (3[X\ - d+a 2 [X] + 0{X A ) =d+ + fa[X\ + 0(X A ) , (2.19) 

i.e. the 0(X 2 ) part of a[X] will cancelJl Thus the prescription detailed above can be seen to be 
equivalent to a field redefinition of £ by some function of X and dX or choosing an alternative 
measure for £ in the path integral^ 

As we shall see below, in the complex sine-Gordon case computing the determinant contribution 
with this prescription will give corrections to the S-matrix that match the results found using two 
alternative methods described in sections 13.3.11 and 13.3.21 and also match the soliton S-matrix of 

US]. 

Next, let us expand X in generators 

X = X a T a , (2.20) 
and use the Jacobi identity to rewrite the determinant (|2.12p of (|2.14p in the form 



-tr In 



<)-\- ( $ij — -^-Q-(X a d + Xb)f a bkfijk — -XaXbfadfbcj 

+ ^X a d + X b fai C f b j C + 0(X 4 ) 



(2.21) 



Following the above prescription, let us now ignore the term corresponding to a[X] in (|2.14p . getting 
-trln (8ijd+ + ^V abij X a d + X b ) , V abij = faicfbjc ■ ( 2 - 22 ) 



We may then follow the standard perturbative approach! 10 ! using the Feynman rules in figure [H 
that come from (|2.22p to compute the Feynman diagrams in figure [2j 

After solving the momentum conservation constraint and the on-shell condition with 



we have 



Pi 


= ~P3 = 


= me 6 * 1 , p 2 = 


-Pa = 


02 

- me , 






9 = 9\ — 8 2 , 






-P 2 s = 


Ps+Ps- 


= 4m 2 cosh 2 | , 


Ps 


= Pi + P2 




Pt = Pt- 


hPt- = o , 


Pt 


= Pl+P3 


-pi = 


Pu+Pu- 


= 4m 2 sinh 2 § , 


Pu 


= Pl+P4 



(2.23) 



(2.24) 



Given that 



V (ab)ij V [cd]ji = , (2.25) 



7 Here a^t-X] is understood as an operator acting on £ by commutators. 

8 It does not seem to be possible to do a similar change of parametrization to cancel the 0(X 2 ) part of P[X] 
without redefining the gauge field A-. 

9 Also, having a different ordering of the operator d+ with respect to X-dependent factors in Q could be interpreted 
as choosing an alternative measure on A-. 

10 Recall that the coupling 1 dependence is contained in the structure constants. 



s 




Figure 2: One- loop Feynman diagrams 



and using the standard integral (see, e.g., [32] I 11 ! 

d 2 q 1 i p- 

(2vr) 2 q + (q + - p + ) 4vrp+ 



(2.26) 



the contributions of the s, t, u-channel diagrams in figure [2] to the one-loop S-matrix are found to 
be respectively 

i / 6 9 
ASl = ~ 167rsinhfl ( COSh2 2 V (<W3 V (cJ)ii + sinh2 2 Vly^b'' 

A5 2 = 2 1 J coshc? VfociyVfbrfjj-i) , (2.27) 



16^sinh<n~~ Hy^Mii 
j()7r^mh0( Smh2 2 2 



A5s = T^^Tfl ( sinh2 9 y (M^ " cosh2 o y M« ^IMii 



Here we have included the usual Jacobian factor 4m ^ g inh a arising from solving the momentum 
conservation constraint. 



11 This integral can be done by using the Lorentz-covariant prescription — > fc2 ~ ie = fc++ies ; gn ( fc+ ) (where fe 
stands for q or g — p) and integrating separately over q+ and g_ as in [32] . An an equivalent result is found by using 
Y > -gr and doing the integral directly by symmetric integration. 



Note that the second of these contributions is somewhat ambiguous when taking the limit pt — > 0. 
Consider the integral 



TTT^I 1 T = T-(Pl+ _ P3+)(P2+ -P4+) 

(2vr) i q+(q+ - pt+) 4vr p t+ 



i , w s ( Pi- + P3- \ X ( Vl- + P4- 



:(jPl+ -P3+)(P4+ -P2+) 



47T VP1++P3+/ VP2++P4 



(2.28) 



where we have used that Vt = Vi + Vz = ~(V2 + V&) an d introduced an arbitrary parameter x. 
Substituting in for the on-shell momenta in terms of the rapidities pi± = me ±fl ' , and taking the 
limits 63 — > m + Q%, #4 — > in + O2 , to solve pt = 0, we find that the integral (|2.28|) is 

^f_ e {i-2x)0 ^ (2.29) 

and thus depends on the arbitrary parameter x. We may fix this ambiguity by demanding that 
the resulting S-matrix should satisfy the physical requirements of crossing symmetry and unitarity. 
Noting that the integral in (|2.28p appears in the S-matrix with the factor of V[ ac ^jV^d]ji it is clear 
that we should take the average of two terms of the type f)2.29[) . one with x = 1 and one with 
x = — 1. This then gives a consistent expression proportional to cosh# presented in (|2,27p . 



3 Complex sine-Gordon model 

In this section we will review some relevant aspects of the complex sine-Gordon model (CsG), 
which at the classical level may be defined as a special 2-d sigma model with a particular integrable 
potential containing two real bosonic scalar fields and having global 50(2) symmetry (a, b, = 1, 2) 

£= ll 2——-™ Ma , (3.1 

where g is a dimensionless coupling and m is the free mass of the elementary excitations. 

We shall first recall the perturbative analysis of [28J where it was noticed that the scattering 
factorisation property is broken at one loop, but may be restored by the addition of quantum 
counterterms. We shall then discuss the soliton S-matrix of [TO], and its relation to the scattering 
of elementary excitations. In |19j it was suggested that the theory that is quantum-integrable 
is actually the SU(2)/U(1) gauged WZW model with an integrable potential (jl.ip . This theory, 
which reduces to the complex sine-Gordon action of [28] at the classical level, should then be viewed 
as the proper quantum definition of the latter. 

We shall then show how to construct the one-loop counterterms required to preserve the integra- 
bility directly from this gauged WZW model, thus providing convincing evidence for the correctness 
of the proposal of [19] . 

3.1 Perturbative S-matrix 

Following [28] we shall compute the perturbative S-matrix of CsG model, splitting the Lagrangian 
(|3.1|) into free and interacting parts 

£ = --<9+V>a<9-V>a - ~Y^a^a + —^b^bd+^ a d-^a + C(g 4 ) • (3.2) 

The S-matrix can be written terms of the three functions S\{6), 82(d), 83(8), 

(ipc(-P3)ipd(-P4)\S\ip a (pi)ipb(p2)) = (27r) 2 4e pi e P2 5(pi +P3)5(p 2 + Pa) S ab , cd (6) , (3.3) 
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S a b,cd = Si(9) SabScd + S 2 (9) 5 ac 5bd + 5 3 (6>) 5 a d&bc , (3.4) 



where S is the usual scattering operator and e p = \/p 2 + m 2 is the on-shell energy associated with 
the spatial momentum p. 9 is the difference of the rapidities of the two on-shell massive particles. 
The S-matrix is restricted to take this form by the Lorentz and global SO(2) symmetries. Crossing 
symmetry also implies the following relations, 

Si(9) = S 3 (iw - 9) , S 2 (9) = S 2 (i7r - 9) . (3.5) 

In [28] this S-matrix was computed to one-loop order with the result 

tr 4 

Si (9) = - ig 2 coth 9 + cosech 9 + coth 9) + g 4 coth 9 cosech 9 + C(g 6 ) , 

S 2 (9) =1 + ig 2 cosech# - g 4 (^ + cosech 2 ^) + 0(g 6 ) , (3.6) 

S 3 (9) =ig 2 coth 9 + i^-( cosech 9- coth 9) - g 4 coth 9 cosech 9 + 0(g 6 ) . 

Factorised scattering and thus integrability of a 2d theory implies, in general, that the Yang- 
Baxter equation is satisfied. In the abelian case like the CsG theory of an 50(2) doublet this 
condition can be reduced to the reflectionless scattering condition, i.e. to the vanishing of the 
reflection coefficient 

R{9) = 5i(0) + S 3 (9) = . (3.7) 

We can immediately see that while this property is true at the tree level (i.e. to order g 2 ), it breaks 
down at one-loop order: we find from (|3.6p 

■ 4 

R{9) = ^2- cosech 9 + 0(g 6 ) . (3.8) 

In [28] it was suggested to add a quantum counterterm to restore the factorised scattering at one- 
loop order. If such counterterm is required to be ultra-local (no derivatives) then it is found to be 
unique 

2 4 

m g 

AC = — tpa^alpblpb ■ (3-9) 

47T 

Adding its contribution leads to the following "corrected" S-matrix 

5 = 5 + A5, (3.10) 

e 4 

5i(0) = - ig 2 cothtf + i|- cothfl + g 4 coth0 cosech 9 + C(g 6 ) , 

S 2 (9) =1 + ig 2 cosech 9 -i^- cosech 9-g A {\+ cosech 2 9) + 0(g 6 ) , (3.11) 

2tt 2 

S 3 (9) =ig 2 coth 9-i%- coth 9 - g A coth 9 cosech 9 + C(g 6 ) , 

27T 

satisfying the factorisation (or reflectionless (|3.7|) ) property. The authors of [281 ES] conjectured 
that such counterterm addition procedure should apply to all orders, leading to a factorizable 
quantum S-matrix. 

Let us mention that while in [28] the counterterm was restricted to be ultra-local, this is not, in 
fact, a necessary requirement: the only condition is that the resulting S-matrix should be reflec- 
tionless (or satisfy the Yang-Baxter equation) at the quantum level. For example, one may consider 
local counterterms with up to two derivatives that may be interpreted as corrections to the sigma 
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model part of the action. This will be relevant below in the context of the gauged WZW theory 
interpretation of this model. 



As implied by the name of the complex sine-Gordon model, it can be interpreted as a theory for 
a single complex scalar field Z 



V2 



(3.12) 



Using the global U(l) and the 2d Lorentz symmetry the scattering matrix may be represented in 
the complex Z basis as 

§\Z( Pl )Z( P2 )) =S ++++ {9)\Z( Pl )Z( P2 )) , 

s\z( Pl )z*( P2 )) =s + - + -(8)\z( Pl )z*( P2 )) + s + - + (e)\z*( Pl )z {P2 )) , (3.13) 

§\Z*( Pl )Z*( P2 )) =S (9)\Z*( Pl )Z*(p 2 )) , 

where in terms of the functions in (13.411 we have 



(3.14) 



S ++++ (0) = S (9) = S 2 (9) + S 3 (9) , 

S+-+-(6) = S 1 (9) + S 2 (6) , S+—+(0) = Si(0) + S 3 (0) . 

The reflectionless scattering requirement (j3.7|) then implies that S-\ [_(#) should vanish. If this 

is the case and the S-matrix has the crossing symmetry (|3.5p . then it can be encoded in a single 
function, 

5(0) ee S ++++ (9) = S 2 (9) + S 3 (9) . (3.15) 
For the "corrected" S-matrix flSJQD . (f3~Tll of [28J we then get 



S(9) = 1 + i(g 2 



2tt' 



coth • 



|-coth 2 - + 0(g 6 ). 



(3.16) 



3.2 Quantum soliton S-matrix in complex sine-Gordon model 

Reference [Jj5] considered the scattering of non-top ological solitons in the CsG model and used the 
semi-classical results of [29] and the requirement of the Yang-Baxter equation to propose the full 
quantum soliton S-matrix for this theory. As the solitons of this model are not topologically distinct 
from the elementary excitations considered above, their S-matrices should be related [29} I19j. 

To see this let us recall that the semiclassical mass spectrum of the charged solitonic states [29] 
is given by 



M(Q) = 



sin ■ 



s 2 Q 



(3.17) 



Here Q = ±1, ±2, . . . , ±Q 

max — [:pr] is the quantized U(V) charge of the soliton and m is the free 
mass of the elementary (or "fundamental") excitation^ Note that for the lowest charges, Q = ±1, 
the soliton mass is Mil) = m + C(g 4 ). Since the elementary fields (Z and Z* in ()3.12[) ) have 
charges ±1 and free mass m, one may identify [29\ \19\ the Q = ±1 solitons with the elementary 
excitations of the theory (referred to as "elementary mesons" in |19j)P*l 

In [29], using the counterterm (j3.9|) of [28], the one- loop correction to the semiclassical mass 
(|3.17|) was computed, giving the "renormalized" mass 

2m . glQ 

£ 1 n 



M r (Q) 



8111 ■ 



(3.18) 



12 Note that g 2 = A 2 /2, where A is the coupling used in |19| . 

13 The expression (|3.17|) is thus consistent with the scheme choice in which there is no finite renormalization of the 



mass m at the one-loop order. 
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where g r is the finitely renormalised coupling 



2vr 2vr , 
-f = ? -l- (3-19) 



This one- loop mass spectrum (|3.18p was conjectured to be exact. 

It was later argued in [19] that the only way to define a consistent quantum soliton S-matrix is 
to require that the coupling g r in (|3.18p is quantized aJ^l 



2tt 

^ = k£N, (3.20) 



giving the following mass spectrum 



M r (Q) = 

7T 



sm — — 

k 



(3.21) 



The soliton S-matrix was then constructed in [19] assuming factorised scattering; it can thus be 
written in terms of one function, f)3. 15|) . Extracting the full quantum S-matrix for the elementary 
(Q = ±1) excitations from the general result of [19] we get 

~ sinh(f + 

S(9)= . , g . (3.22) 

Smh (2 - % k) 

The pole of this S-matrix corresponds to the existence of a Q = 2 soliton that can form in the 
process of scattering of two Q = 1 solitons. The location of the pole at 9 = follows from the 
assumption that the one- loop mass spectrum (|3.2ip is exact. 
Expanding (|3.22p for large k (small g r ) gives 

27T7 ft 2-7T 2 ft 

S(G) = 1 + ~y coth 2 ~ ~W coth2 2 + ■ (3 - 23) 

This matches (|3.16p provided j = |^ — + ^(g 6 ) but this relation is not consistent with the 
identifications in (|3,19p and (|3,20p . This problem may be attributed to the definition of couplings 
or possible renormalization scheme freedom. 

In [19] it was suggested that this disagreement should be resolved if the quantum counterterms 
needed to preserve the integrability of the CsG model were understood as arising from its definition 
in terms of the gauged WZW theory. 

The relation between the complex sine-Gordon model and the G/H = SU (2) /U (1) gauged WZW 
theory with an integrable potential was first discussed in [3]. Classically, if one fixes the -ff-gauge on 
g G G and integrates out the gauge fields (A + ,A_) of the gauged WZW theory then the resulting 
Lagrangian is the CsG one (|3.ip . 

The relation to the gauged WZW theory suggests an explaination of the quantization condition 
on the coupling (|3.20p required by [19] for consistency of the quantum S-matrix for the solitons. 



14 From the results in 29 one can see that if the counterterm (|3.9[) is not included, then the correction to the 
soliton masses is of the same form as (|3.18p . except that g r is given by 

2tt _ 2vr 

g? g 2 

15 We note again that g 2 . = Afj/2, where A_r is the finitely renormalised coupling used in |19] . 
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Also, the integer shift in the relation between % and % in (|3. 19[) (or in footnote 1 14p is reminiscent 
of the quantum shift k — > k + 2 in the SU(2) WZW model. Details, however, depend on the 
precise definition of g r and the identification in (|3.20p . In particular, the presence of quantum 
counterterms like (|3.9[) or those arising from integrating out the U(l) gauge fields of the gauged 
WZW theory, may affect the finite coupling renormalisation in a non-trivial way explaining possible 
different shifts in the relation between g r and g. 



In the remainder of this section we will not refer to the CsG Lagrangian (|3.ip directly, using the 
gauged WZW theory with the coupling parameter k as a starting point. We shall investigate 
whether the perturbative expansion of this theory is indeed in agreement with the mass spectrum 
(pT2"TD and the S-matrix (13^1) of 02|. 



3.3 Gauged WZW origin of quantum counterterms 

Our aim will be to understand the origin of the quantum counterterms required for maintaining 
integrability from the perspective of the gauged WZW formulation of the CsG model. The starting 
point will be the action in (|1.1|) with G/H = SU(2)/U(1). We define generators of g = su(2), 

r A = l -a Al A = 1,2, 3, (3.24) 

where a a are the usual Pauli matrices, and pick T3 to be the generator of H = U(l). The potential 
in (jl.ip is then defined in terms of the matrix 

T = r 3 . (3.25) 

g will be a matrix in the fundamental representation of G = SU(2) so that the normalization 
constant in (jl.ip is v = \. 

If we consider the axially gauged case in (jl.ip then the automorphism of the algebra f) = u(l) is 
r(a) = —a. We can then fix a gauge on g as 

g = e -T 3 x e 2n<l> e T 3 x t (3 26) 

where x and (ft are the two remaining physical fields. Substituting this into the action (|1.1|) with the 
axial gauging choice and then integrating out A± we end up with the classical CsG LagrangiarJ^l 



C = — 

47T 



! " { d + (f)d-(t) + tw 2 (f> d + xd-x+ ^-(cos2<£- 1) . (3.27) 



2 



While this direct integrating out of A± is certainly valid classically, there may be quantum correc- 
tions to the S-matrix resulting from doing it consistently in the path integral. We will study these 
corrections to one-loop order in three different ways, all of which will lead to the same result. The 
resulting S-matrix will agree with (the Q = ±1 limit of) the soliton scattering matrix constructed 
in p2]. 

The first approach will be to start with the quantum effective action for the gauged WZW theory 
proposed in [31] and deform it by the integrable potential as in (jl.ip . The effective action of [3T] is 



16 One can see that this Lagrangian is equivalent to (|3 . 1 1) by using the following field and coupling redefinitions: 

V'l = y^sin^cosx, i>2 = y^sin^sinx, g 2 = x • 

Thus 4> and \ may be thought of as analogs of the radial and angular coordinates on the target space with ipi and 
ifi2 being analogs of the cartesian coordinates. 



14 



consistent with the quantum conformal symmetry of the resulting sigma model. As the conformal 
symmetry of the gauged WZW theory is strongly related to the integrability of the deformed theory, 
one may expect that the resulting S-matrix will have the required factorisation property. 

The second approach will be based on direct integration over the H = £7(1) gauge fields start- 
ing with (jl.ip . The resulting quantum determinant computed following |33| will produce a local 
counterterm which will contribute to the S-matrix. Note that neither of these two approaches can 
be used to compute the S-matrix in the case of a non-abelian gauge group H: they involve fixing 
a gauge on g, which cannot be done in a non-singular way when expanding the action near g = 1 
for non-abelian H (see PQ). 

The third approach [T], which can be used for a non-abelian H, will be based on the gauge choice 
A + = 0. It was already described in general in section [2 



3.3.1 Approach based on quantum effective action of gauged WZW theory 

The motivation for the approach in this subsection will be partly heuristic. We shall start with the 
local part of the quantum effective action for the gauged WZW theory constructed in [31] and add 
to it the same potential as in (|1.1|) . Even though the local part of the effective action is formally not 
gauge invariant, we will insist that it should describe the same massive degrees of freedom which 
were present at the classical level, i.e. we will still parametriseo as in (|3.26j) and then integrate 
out A±. We will then compute the resulting one- loop S-matrixl 17 l 

In the case when H is abelian the local part of the quantum effective action of the (axially) 



gauged WZW theory [31 j supplemented with the potential is (cf. (jl.ip : here v — - ,1,s 



2 



•>cff 



k + c n ^ r i 

-Tr 



4tt 



~ J d 2 x g- l d + g g-'d.g - i J d 3 x e mnl g- l d m g g~ x 3 n g g- l d W 



+ f d 2 x [A+d-gg- 1 - A-g^d+g - g^A+gA. - (l - ^-)A + AJ\ 

+ to 2 f d 2 x (g~ 1 TgT — T 2 )] . (3.28) 



To keep the mass of the elementary excitation as m we assumed that the coefficient of the potential 
term is also shifted from k to k + c G . While we conjecture that the above action is correct to 
one-loop order, there may be further potential (or "mixed") corrections depending on m at higher 
orders. 

In the case of our present interest G = SU(2), H = £7(1), i.e. we have c G = 2. Using the 
parametrisation of g in (|3.26p and solving for A± we then arrive at the following effective Lagrangian 



r k + 2 



tan 2 4> d+xd-X m2 



^tan 2 



k 



+ — (cos2(/> - 1) 



(3.29) 



m is then the mass of the elementary excitations near the = vacuum. Rescaling <f> to put the 



17 Though we start with the effective action, this effective action is by construction an action for the current 
variables rather than g. Also, we omit the non-local contributions. For that reason we are still to include quantum 
loop contributions coming from the classical part of the effective Lagrangian. 

18 Here c G is the dual Coxeter number of G, i.e. the value of the second Casimir operator in the adjoint represen- 
tation. Note that in [31] cq is defined as 2c G . Also, d and 8 in [31] are respectively and here and similarly 
for the gauge field components. 
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kinetic part of the quadratic Lagrangian in canonical form and expanding in -r <C 1 gives 
£ e ff =^{d+(t>d^(t> + 4> 2 d + xd-x ~ mV) 

+ ^(^ + X^X+^ 4 ) (3-30) 

Compared to the similar expansion of the original CsG Lagrangian (j3.27p we have additional -K 
terms that may be interpreted as quantum "counterterms" (cf. (|3.9|) ) required for maintaining the 
integrability at the quantum level. 

Since £ e ff has the x ~ * X + a symmetry, introducing the "cartesian" coordinates (analogous to 
ip a in (GDJ.ra) 

Yi=(pcosx, 52 = <^sinx, (3.31) 

we may write the Lagrangian in a manifestly SO{2) invariant form. Computing the perturbative 
one-loop S-matrix we get (cf. (|3.3p , (|3.4p ) 

(Y c (-p 3 )Y d (-p 4 )\ S \Y a ( Pl )Y b (p 2 )) 

= (27r) 2 4e pi e P2 <5(pi + p 3 )S(p2 + Pi) [Si(0) 5 ah 5 cd + S 2 (9) S ac 5 bd + S 3 (9) 5 ad 5 hc \ , 

*■ 27T7 4-71"^ 

5j (0) = - J— C oth + -3- coth 9 cosech + 0(Ar 3 ) , 

S a (0) =1 + ^ cosech 0-— r (-+ cosech 2 0) + O(/t- 3 ), (3.32) 

>. 27T? 47T^ 

S 3 (0) = C oth 0- -3- coth cosech + O(fc- 3 ). 

We conclude that the resulting one-loop S-matrix has the factorisation property as the reflection 
coefficient (|3.7p vanishes. Also, S = S 2 (9) + §3(6) (defined as in (|3.15p . ([3.14p ) agrees precisely with 
the expansion (|3.23p of the exact S-matrix ()3.22p of [19J. 



3.3.2 Approach based on direct integrating out of yl + ,A_ 

Let us now show that we can get the same one-loop S-matrix by starting with the SU (2) /U(l) action 
(jl.ip and directly integrating out A± in the path integral, taking into account the corresponding 
determinant contribution. 

Fixing the same gauge on g as in (|3.26p and setting 



A± = a±r 3 



(3.33) 



the resulting action becomes 



5 = j- 

47T 



d 2 x 



+ sin <j) d + xd-x 



a + sin 2 <f> d-X — o>- sin 2 (f> d + x — a_a + cos 2 



Tfl 



1) 



(3.34) 



If we simply solve for the gauge field components a± we will then arrive at the Lagrangian in 
(|3,27p . However, integrating out a± in the path integral requires careful definition of the measure 
and may result in a non-trivial quantum determinant. In addition to the well-known dilaton term 
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on a curved 2-d background |344 [35] there is also a local 2-derivative contribution [35] discussed in 
detail in the appendix of [33J. In general, starting with a path integral of the form 



da] exp — I d 2 x M(</>) a+a_ 



(3.35) 



where a± is a 2-d vector field and assuming a natural definition of the resulting determinant 
(equivalent to setting a + = d+u, a_ = d-V and integrating over the scalar fields u, v) one finds the 
following local contribution to the effective action 



— / d 2 x d+lnM <9_lnM. 



(3.36) 



Noting that in the present case M = cos 2 cj> we thus get an extra "counterterm" that should be 
added to the "naive" action <|3.2T|) 



f d 2 x <9 + In cos <f> d- In 

2vr J 



COS ( 



The result is the following "corrected" Lagrangian (cf. (|3.29|) ) 

,2 



(3.37) 



(3.38) 



To compute the S-matrix we again rescale cj> by y and expand the Lagrangian as (cf. (|3.30p ) 
1 



k_ 

4tt 



d + <pd-(j) + tan 2 4> d+xd-X + —(cos 2(f) — 1) — — tan 2 cp <9 4 

2 k 



where the k 1 term is the one-loop determinant contribution. 



■^corr — 2 



■ + 4> d + xd-x ~ m 



2 J.2 



(3.39) 



+ 



4tt 2 / _L_ 
"P"V 2^' 



2 9 4 



One can immediately see that this Lagrangian gives the same one-loop two-particle S-matrix as the 
Lagrangian in (|3.30p as they are related by a field redefinition 



|^ 3 + ^- 3 ), 



X -> X- 



(3.40) 



Thus the one- loop S-matrix computed using (|3.38p again agrees with (|3.23p . i.e. with the exact 
S-matrix of [19|. 

As we will show in the appendix, the field redefinition (|3.40p can be extended to higher orders 
in the field 4> relating the two closed-form Lagrangians (|3.29|) and (|3.38|) to one-loop order, i.e. up 



j_ 

k' 2 



3.3.3 Approach based on A + = gauge 

Next, let us consider the computation of the one-loop S-matrix using the A + = gauge approach 
described already in section [2] for the case of G/H = SU(2)/U(1). In terms of the generators T4 
in (ET24D we define the normalised (as in (|2T3]) 1 G = SU{2) generators (cf. §T2M ) 



2tt 

= 2 h TA 



k 



(3.41) 
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We then find that the component fields X a (a = 1,2) defined as in (|2.20p have canonical kinetic 
terms in the action following from (I2.1ip (T = T3) 



S[X] = J d 2 x[ ^(d+X a d-X a -m 2 X a X a 



+ —(x a x a d + x b d-x b - x a d + x a x b d-x b + — x a x a x b x b J + o(k- 2 )\ . (3.42) 

This action agrees with the expansion of the complex sine-Gordon action (|3.27p to quartic order, 
up to a field redefinition. Therefore, its contribution to the one-loop S-matrix will be the same as 
the direct CsG model result (|3.6p with the coupling g 2 replaced by 2 ^ L . 

In addition to the contribution of the action we should include the contribution of the functional 
determinant (|2.22p in (|2.27p . Using the generators in (|3.4ip to define the structure constants, we 
have the following relations for V ab ij = faicfbjc in fl2.22|) 

V(ab)ijV(cd)ji = —j^-^ab^cd , V[db]ij V[cd]ji = °- (3.43) 

Substituting them into (|2.27p gives the following determinant contributions to the one-loop S-matrix 
coming from the s, t, u-channel diagrams in figure [2] 

ASi = --^-(cosech# + coth#); AS 2 = ; AS 3 = — p-( cosech 9 - coth 6) . (3.44) 

Summing these up with the direct CsG result ()3.6p we are led again to the same reflectionless 
one-loop S-matrix matching the expansion (|3.23p of the exact S-matrix of |19j . 



3.4 Comments 

The three methods discussed in this section all gave the same one-loop correction to the pertur- 
bative S-matrix (|3.6p of the complex sine-Gordon theory defined by the Lagrangian (|3.ip . This 
correction originated from the definition of the quantum complex sine-Gordon theory in terms of 
the SU(2)/U(l) gauged WZW model with a potential. 

The first method was based on starting with the local part of the quantum effective action of 
the gauged WZW theory, while the second and third methods were based on taking into account 
the quantum corrections to the process of gauge fixing and integrating out the gauge fields in the 
path integral. 

As was mentioned in section 13.3.21 and explicitly shown in the appendix, the closed-form La- 
grangians of the first two methods, (|3.29p and (|3.38p . are related by a field redefinition if considered 
to the leading (one-loop) order in i. The resulting one-loop S-matrix is consistent with factorisation 
and agrees with the exact solitonic S-matrix of [19] . 

It remains to be seen if this agreement persists beyond the one-loop order. The quantum effective 
action of gauged WZW theory employed in section [3.3.1l is by construction consistent with quantum 
conformal symmetry. However, the presence of the potential leads to an extra renormalization and 
its effect on the full theory is to be understood better. To this end one may study corrections to the 
mass m of the elementary excitations at higher loops. For consistency with the results of |29l [TU] 
these should match the expansion of the quantum soliton mass (|3.2ip in the special case of Q = 1. 
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4 Perturbative one-loop S-matrix of SO(N + l)/SO(N) 
gauged WZW theory with integrable potential 



The most important advantage of the third approach discussed in the previous section and in 
section 2, i.e. fixing the A + = gauge and integrating out A_, is that it can be applied to the case 
of G/H gauged WZW theory with a non-abelian gauge group H. Below we shall use this method 
to compute the one-loop perturbative S-matrix for the SO(N + l)/SO(N) theory. 



4.1 Basic definitions 

Our starting point will be the path integral for the G/H gauged WZW theory with integrable 
potential (jl.ip . In general, to define that G/H theory, one may consider G embedded into a larger 
group F (see [3 |S] ) . The matrix T then lives in the orthogonal complement p of g in the algebra f 
of F. T is chosen to be an element of the maximal abelian subalgebra a of p which we shall assume 
to be one-dimensional. H is then defined as the maximal subgroup of G satisfying pfj, T] = 0. 
Consequently, the potential in (jl.ip preserves the local H symmetry of the gauged WZW theory. 
In this case the elementary excitations of the action (jl.ip near the g = 1 vacuum point are all 
massive. 

In the case of G/H = SO(N + l)/SO(N), we choose F = SO{N + 2). g is taken to be a 
matrix in the fundamental representation of G = SO(N + 1) so that v = 1 in (jl.ip . We choose 
the following standard basis for the fundamental representation of F = SO(N + 2) represented by 
(N + 2) x (N + 2) real antisymmetric matrices (see section 2 and also pQ) 

= {T a/ 3 : a < j3} , (T a p) xy = -^{Sax^py — 8p x 8 ay ) , ^ 
a, (3, x,y = -1,0,..., N . 

The index A = 1, . . . , ( N+2 )( N+1 ) labels the generators of f. g = so(iV + 1) is then the subalgebra 
generated by elements of f = so(iV + 2) that are non-zero in the bottom-right (N + 1) x (N + 1) 
corner 

Ta = {T Q /3 : a < /?} , (Tq,^)^ = -^{5 ax S/3y — 5p x d ay ) , 
a, (3 = 0,..., N , x,y = -l,0,...,N. 
The matrix T in the potential may be chosen as 

r=^T_ lj0 . (4.3) 

The normalisation is fixed so that the mass of the elementary excitations in (jl.ip is given by m. 
This choice of T then specifies the generators of the algebra fj = so(iV) to be those elements of 
g = so(N + 1) that are non-zero in the bottom-right N x N corner 

Tj = {T ab : a < b} , C^ab)xy = ^{^axhy — hx^ay) , 

a, 6 = 1,..., N , x,y = -l,0,...,N. 
Finally, the basis for the "physical" coset part m is given by 

T a = {Toa} , (Toa)xj/ = -^($0x$ay ~ 5 a x$0y) , (A<\ 

a = l,...,N , x,y = -l, 0,...,N. 
It is fairly easy to see that all these bases satisfy the requirements listed at the beginning of section 

m 

As discussed in section [21 the one-loop S-matrix computed in the gauge A + = receives contri- 
butions directly from the vertices in the action (j2.1ip but also from the determinant (j2.12p . Let us 
consider these two types of contributions in turn. 
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4.2 Lagrangian contribution 



We start with the gauge-fixed action (|2.1ip and set X = X a T a as in (|2.20p . Then X a will have 
canonical kinetic and mass terms provided we choose the normalization constant in (|4.1|) - (|4.5p as 



K 




(4.6) 



Then (|2.1ip gives the following quartic action for X a 



S[X] 



d 2 x 



^[O+Xji-X,, m 2 X Y 



m 



+ ^ [x a x a d + x b d-x b - x a d + x a x b d.x b + ^-x a x„ x.x, j + cm 



(4.7) 



where the indices a, 6, . . . = 1, . . . , N are contracted with 5 ab . Note that in the N = 2 case, i.e. 
when G/H = SO(3)/SO(2), this should lead to the same action as in (|3.42p corresponding to the 
case of G/H = SU{2)/U{1). Indeed, the two actions are related by the rescaling k — > 2k\ 19 \ 

The SO(N) S-matrix has the same structure (|3.3|) . (|3.4|) as in the 50(2) case, now with the 
indices a, b = 1, . . . , JV. The contributions to the one-loop S-matrix coming directly from the 
Lagrangian (|4.7|) are then given by |28j 

2 

ITT X7T 7T 

Si (9, N) = - — coth 9 + —2 ( cosech 9 + coth 9) + — coth 9 cosech 9 



k 



k 2 



ITT 



+ j^{N - 2)(i7r - 9) coth 2 9 + 0(k~ 3 ) 



77T 7T 1 

S 2 {9, N) =1 + — cosech 9 - (- 
S 3 (9,N) =— coth 6> + —2 (cosech 



cosech 2 6») + -^pr(N - 2) cosech 6» + 0(£r 3 ) 
2«r 

^2 



(4.8) 



7T 



coth 6*) — — r coth 9 cosech 9 
k 



ITT 



7^n(N- 2)9 coth 2 9 + 0(k- 3 ) 



4.3 Determinant contribution 



Next, let us compute the contribution to the one-loop S-matrix (|2,22p . (j2.27p coming from the 
determinant (|2.12p , resulting from integrating out A- and solving for £ in (|2.9p . In section 12.21 this 
contribution (|2.27p was computed for generic structure constants (or arbitrary V ab ij = faicfbjc)- 
For the present SO(N + 1)/S0(N) case with (f4TT]) - (|43|) . (|4TU|) we have the following relations 

$ab$cd + t;{N - 2)(5 ad 5 bc + 5 ac 5 bd ) 



V{ab)ij V(cd)ji 



V[ab]ijV[cd]ji 



k 2 
16tt 2 ^ 



-{N - 2)(5 ad 5 bc - 5 ac 5 bd ) 



(4.9) 



k 2 12' 

Using these in (|2.27p we conclude that the contribution of the determinant (|2. 12[) to the three 
functions Si, S 2 and S3 in (|3.4p are, respectively, 



(4.10) 



?7T 77T 

ASi(9,N) = — — ( cosech 9 + coth 9) + (N - 2)— coth# . 



AS 2 (9,N) 
AS 3 (9,N) = 



I7i 
"k 2 

m 



(N - 2) cosech 9 . 



VK 



( cosech 9 - coth 9) — (N — 2)— coth 9 . 



19 This rescaling may be attributed to the fact that SU(2) is double cover of 5*0(3). Note also that the dual Coxeter 
number of SU(2), i.e. c G = 2, is twice that of SO(3), i.e. c G = 1. 
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4.4 One-loop S-matrix and the Yang-Baxter equation 

Summing up (|4.8[) and (|4,10p we get the following expression for the one-loop S-matrix of the 
SO{N + l)/SO(N) theory 



S i = S i + AS i , Sf b = St 5 ab S cd + S 2 5 c J d b + S 3 8 d J c b , (4.11 



where 



in , „ 7r 2 



St (0, N) = - — coth + -P? coth cosech 
k k z 



+ S ( N - 2 ) [( i7r ~ ) coth2 0+2 coth e ]+°( 



2k 2 

in , „ n 2 , 1 , n „ % iir 



S 2 (9,N) =1 + — cosech - + cosech 2 0) - — ,(iV - 2) cosech + 0(k~ 3 ) , (4.12) 
fc k z 2 2£r 



i7T , „ 7T 2 



S , 3 (6>, iV) =— coth 9 - coth cosech 

+ ^(iV-2)[0coth 2 0-2coth0] +0(k- 3 ). 

For N = 2 this expression agrees with the expansion of the exact S-matrix [19] of the complex 
sine-Gordon theory in (|5^2]) . pT25]> : with k rescaled by ~ (l4TT2"|) reduces to (13T32"]) . 

Let us now study whether this S-matrix satisfies the Yang-Baxter equation (YBE). Let us define 
the following tensor function 

Y&'Vu, 23 ) = (0 12 ) ^(0i 3 ) S e h {(6 23 ) - St u (e 23 ) S£(0 13 ) S%9 12 ) , (4.13) 

where a, b, . . . = 1, . . . , N and 0j,- = 0» — 0j, with 0j being the rapidities of the three particles being 
scattered. The condition of factorisation for an S-matrix of a standard Lorentz-invariant integrable 
theory is that it should satisfy the quantum YBE, i.e. that the tensor function Y d b e J should vanish. 

If we define the leading non-trivial term in the large k expansion of Y d b J (the order i term 
trivially vanishes) 

yJc = Y abl 0{k _ 2) ' ( 4 - 14 ) 

then its vanishing, i.e. y^J = 0, is equivalent to the condition that the tree-level S-matrix satisfies 
the classical Yang-Baxter equation. 

When a, b, . . . are SO(N) vector indices, the tensor Y d b( f can be parametrised by a set of 15 
functions Aj as follows 

3^(012, #23) =At b%b{ + A 2 5 d a 5 f b 5t + A 3 5f a 6 e b 8 d + A 4 8 e a 8 d 8( 
+ A 5 5 ab 5 de 5[ + A 6 5 ac 8 d f5 c b + A 7 5 bc 8^5 d a 
+ A 8 8 ab 8 £ f8 d c + A 9 5 bc 8 de 8[ + A 1Q 5 ac 8 de S f b + A n 8 ab 5 d f 8 e c 
+ A 12 5 bc 8 d f8 e a + A 13 8 ac 8 e f5 d + A u 8[S d S e c + A 15 8 e J f b S d , 

where 



(4.15) 



vr 2 .(2) . vr 3 (2) _,,_ 4 . 



A I = - j pAf>+ ¥ Af>+0(k-*). (4.16) 

(2) (3) 

Here Aj are the tree-level and Aj are the one-loop coefficient functions which, in general, are 
functions of 0i2 and 023 . 
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Remarkably, for the S-matrix f)4.11[) parametrised by the functions in ()4.12p . the tree-level coef- 

(2) 

ficients Aj turn out to be simple constants 



(2) 



A 



(2) 



A 



A 

(2) 



(2) 



A 



A 

(2) 



(2) 



,(2) 



I (2) 



A 



(2) 
7 



A 



(2) 



A 



(2) 



1 



A 



0, 

(2) 



I (2) 



| (2) 
l 13 



i (2) 
l 15 



10 ~~ ^12 — ^14 — x > ^9 

The vanishing of the first seven functions extends also to the one-loop order, i.e. 



A 



(3) 
1 



A 



(3) 



A 



(3) 



.4 



(3) 



,4 



(3) 



(3) 
6 



A 



(3) 
7 



0. 



(4.17) 



(4.18) 



However, this does not apply to the remaining 8 functions. They can, however, be written in a 
compact form using the following three functions /i, /2, /3 of the rapidities 



/l(012, 6*13, 
/2(#12, #13, 



'23) 



'23) 



= cosech 6i2 cosech #13 cosech 623 , 

~-^fl(^12, &13, 623) 

cosh(6»i2 + 0i 3 ) + cosh(6»i2 + 23 ) + cosh(0i 3 + 23 ) 
- cosh(6»i2 - #13) - cosh(#i2 - 6*23) - cosh(6»i 3 - 6*23) 



(4.19) 



3^12, <7l3) V23) 



1 

4ir 



1{012, "13, V23) 



9 12 cosh 2d 12 + #13 cosh 2<9 13 + 6*23 cosh 20 
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Namely, 



A 



(3) 



-A 



(3) 



/2( i Ci2, (713, (723J 



-(JV-2)(-- 7 /l(0i2, 13 , ,72, 
7T 4 



) " / 3 (012, ivr - 13) 23 )) , 



4 



4 



.4 



(3) 
10 

(3) 
12 

(3) 
11 



-A 



-A 



-A 



(3) 
11 

(3) 
13 

(3) 
15 



/ 2 (0i 2 , 013, 23 ) - (N- 2)(- + / 3 (-m + 012, ivr - 13 , 23 )) , 

/ 2 (012, 013, 023) - (N - 2)(- + / 3 (012, ^ - 013, -tTT + 23 )) , 

7T 

/ 2 (012, 013, 023) - (N- 2)(- + / 3 (012, "013, 023)) • 

7T 



(4.20) 



Below we shall discuss the properties of these coefficients in some special cases. 

First, in the abelian N = 2 case we note that 5 a b5 c dS e f and its permutations are not independent. 
Therefore, the functions Aj end up combining in such a way that 



Kf/(012, 023) = + O(fc- 4 ). 



(4.21) 



As a result, in this case the Yang-Baxter equation for the perturbative S-matrix is satisfied to 
the one-loop order we consider here. This is a manifestation of the integrability of the quantum 
complex sine-Gordon model discussed in section 
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4.4.1 Non-abelian case N > 3: tree level 

In the N > 3 case the tree-level part of the l.h.s. of the Yang-Baxter equation ()4.14p can be written 
in the following way 

y d at f c =S f 6ab6 ef St - S bc 5 de 5[ + 5 ac 5 de 5 f b - 5 ab 5^5 e c 



k 2 

+ 8 bc 8 d f8l - 5 ac 5^5 d + 5[5 d 5 e c - 5 e a S f b 8 d ) (4.22) 



^Tr(T a d [T b e , T/]), 



16 

where T a b are the generators of the algebra f) = so(N), defined in (|4.4|) . so that y d ^j c is just 
proportional to the structure constants of hffil 

We conclude that while in the non-abelian case the tree-level S-matrix does not satisfy the 
standard Yang-Baxter equation, the "anomaly" has a remarkably simple form: it is independent 
of the rapidities and is proportional to the structure constants of the so(N) algebraic 

The violation of the classical YBE for the N > 3 S-matrix in (|4.12p could have been expected as 
it has a non-trivial "trigonometric" dependence on the rapidities. At the same time, a well-known 
fact is that a tree-level S-matrix with a non-abelian symmetry satisfying the YBE must have a 
rational form |18j . It is remarkable, however, that the S-matrix in (|4.12p violates the classical 
YBE by only a constant term proportional to the structure constants of the global symmetry 
algebra. This suggests that the satisfaction of the YBE may be restored by some modification or 
re-interpretation of the S-matrix (like a change of basis of states or a similarity transformation) . 

Indeed, the violation of the classical YBE appears to be in contradiction with the classical 
integrability of the theory (jl.ip . A possible resolution of this contradiction may be related to the 
fact that the global SO(N) symmetry of the A + = gauge- fixed theory (|4.7p and thus of the 
corresponding S-matrix is actually unphysical: this symmetry is the global part of the H gauge 
symmetry that is not fixed by the A + = gauge 1^1 

Another indication that an apparent violation of integrability is related to gauge fixing is the 
following. While the gauge-fixed action (|2.1ip for X a formally admits a Lax connection [1] and 
thus should still be integrable, this Lax connection contains non-local terms originating from the 
gauge fixing procedure. This may lead to a problem with the standard derivation of the YBE. It 
is natural to expect that this violation of the YBE should be "mild" , and this is indeed what we 
found in (|435j) . 



Another idea of how to try to "repair" the violation of the YBE is based on the observation 
that in models such as generalised sine-Gordon models based on integrable deformations of gauged 
WZW theories there are hints of a hidden quantum group structure, with the symmetry group 

20 The constant K in (|4.4|l is denned in terms of k in H4.6[) and the indices a, b, . . . are raised and lowered with 8 a b, 
S ab . 

21 Note that the same expression for is found if we formally compute it using the following constant matrix 
(S y a d b instead of S c a f in gUJ: 

/ rt \cd cc cd | ,cd ,cd * rp (rr\ Cm d\ ^/frffC e rcd\ 

{bo)ab = o a o b + tab , tab = g Ir(l a l b ) = — (d a d b - d ab d ). 

22 It is thus a direct analog of the usual global SU (N) symmetry acting on on-shell gluons in the formal perturbative 
QCD S-matrix, with X a being the analogs of gluons. The Yang-Baxter equation constraint may be weakened for 
such non gauge invariant excitations, e.g., it might only be imposed up to gauge transfomations on each of the legs 
(internal and external) in the usual three-particle scattering factorisation. 
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appearing to be broken to the Cartan subgroup in the classical limit |13}l23j. We may then look for 
a constant tensor s c ^ constructed out of SO(2) invariants (i.e. breaking SO(N) symmetry), such 
that when we replace 5^ in (|4.12p by 

Sit = Sf b + s% , (4.23) 

the classical Yang-Baxter equation will be satisfied, y a ht = 0. To demonstrate how this idea may 
worlf^l let us define the indices a\ (for i odd and 1 < i < N, for N even which take values i and 
i + 1, i.e. a tensor carrying an index Oj is non-zero only when this index takes the value i or i + 1. 
This choice of indices corresponds to selecting the Cartan subgroup to be 2 x 2 block diagonal in 
the usual matrix representation of SO(N). The SO (2) invariant tensors 8 ab , e ab should carry a pair 
of indices Oj, b{ with the same value for i. Defining the tensor 

*ai = l E (^5 c ^+e^6 ajbj -e a fS^-e\6 d 4), (4.24) 

l<i<j<N 
i,j odd 

one can check that S c a f = S c a f+sf b indeed satisfies the classical YBE. The meaning of this observation 
still remains to be clarified. 



4.4.2 The case of H = 50(4) 

The case of our prime interest is G/ H=SO(5)/ 50(4) which is connected to F/G=SO(6)/ SO(5)=S 5 
and thus to the bosonic string theory on R^ x 5 5 and the superstring theory on AdS§ x S 5 . As the 
vector representation of SO{A) is isomorphic to the bifundamental representation of SU{2) x SU{2) 
we can rewrite the S-matrix (|4.12p in an SU(2) x SU(2) covariant basis. 

Since here the global symmetry is a product group, the integr ability implies that the S-matrix 
should factorise into a direct product of the two identical SU(2) S-matrices, i.e. 

where a, f3, . . . = 1, 2 and a, $,... = 1,2 are the SU{2) indices^ 

The translation from 50(4) to SU{2) x SU{2) implies (see for example, [2"T1IT]^ 

8l5t ^(10 1)^ , 8 d Ji -+ (P ® P)5J5j , 8 ab 8^ -> ((I — P) ® (I — , 

"3 = «4 . p 5 = ^fl . ( 4 - 26 ) 

where I and P are the SU(2) identity and the permutation operators respectively. 

Starting with the S-matrix in (|4.12p and taking JV = 4 we then find that the corresponding 
SU (2) x SU (2) S-matrix does factorise according to the group structure, i.e. it is given by (I4.25P 
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24 For odd N we will need also to add ajv taking the single value N. 



It is not clear if this procedure is unambiguous as it may depend on a choice of a particular Cartan subgroup. 



2o This group factorisation is a non-trivial consequence of integrability: for example, the standard SO(4)/SO(3) 
geometric coset sigma model with a potential, studied in appendix D of [I], has the same symmetry and field content 
but is not integrable so that its S-matrix does not factorise in a similar way. 
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with 



q7<5 _ 
D a/3 — 

KxiP) 



K 2 (9) 



[K^O) I + K 2 (9) 



la/3 



(4.27) 



vk a 
— tanh — 
2k 2 



7T 



4i( cosech 6-2 coth 6) - Ai(m 



ITT 7T 

— coth 6 + — -r coth 6* -4i-2z(i7r 

K 2Ar 



) coth 2 6» + 7r tanh 2 
6) coth 6* — 7r coth 
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+ 0(k~ 3 ) 



(4.28) 



This group factorisation property (which applies at both the tree pQ and the one-loop levels) is 
an indication that the S-matrix of the theory under consideration should be consistent with the 
integrability. 

The Yang-Baxter equation corresponding to S^ B , i.e. Y^ e S = (cf. (|4.13p ) is still violated. As 
in the general SO(N) case, we may break the SU{2) symmetry to a U(l) by the addition of a 
constant tensor s^t (constructed as in (|4.24|) ) to make it satisfy the classical YBE, y^g = 0. The 

resulting integrable S-matrix Sf£L = S^fg + s^ g appeared in a different context in [23] , 



J a/3 ^ °a(3 



4.5 Comments 

In this section we have computed the one-loop perturbative S-matrix of the G/H = SO{N + 
l)/SO(N) gauged WZW theory with an integrable potential. We observed that it does not satisfy 
the Yang-Baxter equation already at the tree level, despite the known integrability of the original 
gauge theory The violation of the classical YBE happens to be surprisingly simple: it is 

proportional to the structure constants of the algebra f) = so(N). This is consistent with the fact 
that the YBE is satisfied (both at tree and one-loop level) in the abelian (N = 2) case corresponding 
to complex sine-Gordon theory. 

One possible explanation of this "anomaly" in the classical YBE is that the degrees of freedom, 
X a , being scattered for N > 3 are not gauge invariant: they are rotated into each other by the 
global remnant of the gauge group H = SO(N). In this case it is likely that the Yang-Baxter 
equation condition should be somewhat weakened; for example, it might only hold up to global 
gauge transfomations on the legs in the three-particle scattering factorisation. It remains to be 
seen if this idea may apply also at the one-loop level where the YBE is violated by the non-trivial 
rapidity-dependent terms (see (|4.15|) . (|4.20p ). 

One may then wonder why the same reservation does not apply to the abelian (N = 2) case. 
In this case there is a subtle difference: while the gauged WZW Lagrangian has an SO (2) gauge 
symmetry, it also has an additional SO (2) global symmetry, which exists only because of the abelian 
nature of the gauge group0 This can be most easily seen after one integrates out the gauge fields 
A±: the resulting Lagrangian has a global SO (2) symmetry. Given that the excitations that 
transform linearly under the global part of the gauge SO (2) are related by a field redefinition to 
the excitations which transform linearly under the true global SO (2) symmetry, and that the S- 
matrix should be invariant under field redefinitions, we can argue that we are effectively computing 
the S-matrix for the physical excitations. At the same time, it is known that if one integrates out 
A± in the non-abelian case with > 3 then the resulting sigma model has no remaining global 
symmetry (see [7] and references therein); the residual global symmetry in the A + = gauge may 
then be interpreted as a gauge-fixing artifact. 



3 The same is true for any such theory with an abelian gauge group 4, 6, 24, 25, 2"r?ll27| . 
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In the case of the abelian gauge group, H = [{7(l)] n , one is allowed to choose between an axial 
or vector gauging. For the axial gauging the vacuum is unique up to gauge transformations and 
the theory possesses a global [C/(l)] n symmetry. The theory also possesses a spectrum of non- 
topological solitons [H El [24"1 [25] charged under the global symmetry. As in the case of the complex 
sine-Gordon theory, the lowest-charge solitons are conjectured to be identical to the elementary 
excitations of the theory. The axial-gauged theory is T-dual to the vector-gauged theory [27], 
which has a vacuum moduli space. Under the duality the non-topological solitons become 

topological solitons parametrised by this vacuum moduli space. This T-duality is reliant on the 
existence of a global symmetry, which does not exist in the non-abelian case. In a recent 

work [13J a set of topological solitons was constructed for a U(N + 1)/U(N) generalized sine- 
Gordon theory (associated to string theory on Mt x CP JV+1 )which has a non-abelian gauge group. 
The corresponding quantum soliton S-matrix was conjectured and it satisfied the Yang-Baxter 
equation. In the classical limit the topological charge of these solitons becomes small and one may 
hope that the tree-level S-matrix for the elementary excitations may then be recovered from the 
solitonic S-matrix. However, this is not at all clear due to the topological nature of the excitations 
and the lack of any T-duality to map them into non-topological solitons. 
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Appendix A Relating one-loop SU(2)/U(1) gauged WZW effective 
Lagrangians 



In this appendix we construct a local field redefinition that relates the two Lagrangians, (|3.29p and 
()3.38p . to all orders in the fields and to leading one-loop order in the i expansion. Both Lagrangians 
have global U(l) symmetry <p — > eft, x ~ >• X + a , so the field redefinition should preserve it. Thus 
we consider the following ansatz 



(A.l) 



Observing that both Lagrangians have no terms containing d+(f)d-X or <9_0<9 + x, we may further 
set f2{4>) = 0. Expanding the Lagrangian (|3.29p up to 1/k order and comparing it with (|3.38p gives 



k r 



m 



d + <f)d-4> + tan (f) d + xd-X H (cos 2<j)— 1 



m 



+ tanV sec z 4>d + xd^x + (cos 20- 1) +0(k 



C 



k_ 

4-7T 



4 



m 



+ tan (/><9_|_x<9_x H — —(cos 20 — 1 



Applying the field redefinition 



A: 



tan 2 cf> d + ct>d-(j) 



tan< 



(A.2) 



(A.3) 



(A.4) 



in ()A.2p we conclude that the resulting Lagrangian agrees with (IA.3P to one-loop order. Upon 
rescaling so that the two Lagrangians are in canonical form, the field redefinition (|A.4[) matches 
(|3.40p as expected. 
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